In the Sachdev-Ye-Kitaev model, we argue that the entanglement entropy of any eigenstate (including the ground state) obeys a volume law, whose coefficient can be calculated analytically from the energy and subsystem size. We expect that the argument applies to a broader class of chaotic models with all-to-all interactions.
Introduction
Entanglement, a concept of quantum information theory, has been widely used in condensed matter and statistical physics to provide insights beyond those obtained via "conventional" quantities. For ground states of local Hamiltonians, it characterizes quantum criticality [34, 19, 1, 2] and topological order [16, 20] . Its scaling [7] is quantitatively related to the classical simulability of quantum manybody systems [33, 29, 24, 12] .
Besides ground states, it is also important to understand the entanglement of excited eigenstates. For chaotic local Hamiltonians, one expects a volume law, i.e., the eigenstate entanglement between a subsystem and its complement is proportional to the subsystem size with a coefficient depending on the energy of the eigenstate [3] . In particular, analytical arguments [5] and numerical simulations [28, 6, 11] suggest that for a subsystem smaller than half the system size, the entanglement entropy of an eigenstate has the same scaling as the thermodynamic entropy (or the entropy of a microcanonical ensemble, due to the equivalence of ensembles) with the same energy density.
We briefly explain the reasonings behind such a result. The eigenstate thermalization hypothesis (ETH) states that for expectation values of local observables, an individual eigenstate resembles a thermal state with the same energy density [4, 32, 25] . The equivalence between entanglement and thermodynamic entropies is just a variant of ETH for entropy.
The Sachdev-Ye-Kitaev (SYK) model [27, 15, 23 ] is a random all-to-all interacting model with a large number (denoted by N ) of Majorana fermions. The model is solvable in the large N limit, and possesses an extensive zero-temperature entropy. A recent numerical study [9] suggests the breakdown of the equivalence between entanglement and thermodynamic entropies in the SYK model: The ground-state entanglement entropy appears to be slightly less than maximal and is significantly larger than the zero-temperature thermodynamic entropy.
We show that due to the presence of all-to-all interactions, the equivalence between entanglement and thermodynamic entropies needs to be modified. In particular, we argue that the entanglement entropy of an eigenstate has the same scaling as the entropy of a microcanonical ensemble, whose energy, however, becomes a function of the energy of the eigenstate and the subsystem size. Thus, we obtain an analytical formula for the scaling of eigenstate entanglement in the SYK model from its spectral properties.
The SYK model is maximally chaotic in the sense of a maximal Lyapunov exponent [15, 23, 22] for the exponential growth of out-of-time-ordered correlators [18, 30, 31, 26, 14] . Our argument is not related to such dynamical behavior, and should apply to a broader class of chaotic models with all-to-all interactions.
Preliminaries
We use the natural logarithm throughout this paper. As the standard measure of entanglement for pure states, we define Definition 1 (entanglement entropy). The entanglement entropy of a bipartite (pure) state ρ AB = |ψ ψ| is defined as the von Neumann entropy of the reduced density matrix ρ A = tr B ρ AB :
Consider a quantum many-body system of N ≫ 1 Majorana fermions χ 1 , χ 2 , . . . , χ N with the Hilbert space dimension d = 2 N/2 . Without loss of generality, assume N is a multiple of 4. The Hamiltonian of the SYK model reads
where J ijkl 's are independent real Gaussian random variables with zero mean J ijkl = 0 and variance
We briefly review the spectral properties of the SYK model in the thermodynamic limit N → ∞: (i) The mean energy of H is tr H/d = 0.
(ii) The distribution of eigenvalues near the mean energy is approximately Gaussian whose variance is tr(H 2 )/d = Θ(N ). This is a general feature [8] of such models with random few-body interactions. (iii) The ground-state energy is −N E 0 (extensive), where E 0 is a known constant. (iv) To leading order, the density of states at energy −N E is given by [10] D(E, E 0 , N ) = e 
The arguments are |energy density|, |ground-state energy density|, and the number of fermions respectively. According to the Ref. [10] , this formula is empirically valid except very close to the edge. In particular, it works when |E| − |E 0 | is a non-zero constant independent of N .
Argument
We divide the system into two parts A and B. Suppose the subsystem A consists of M Majorana fermions, where M is even and satisfies M ≤ N/2. We decompose the Hamiltonian (2) into three 
j=1 be a complete set of eigenstates of H A with the corresponding eigenvalues {ǫ j }. Any (normalized) eigenstate |ψ of H with energy −N E can be expanded as
where |φ j B 's are (generically) non-orthogonal states in the subsystem B. Thus, measuring H A on the state |ψ results in a probability distribution, where ǫ j occurs with probability |c j | 2 . By counting the number of terms in the Hamiltonian, the mean of the probability distribution is
It is reasonable to expect that the probability distribution is sharply peaked around the mean value. This imposes a strong constraint on the expansion (5): The term on the right-hand side contributes significantly only if ǫ j is close to the mean energy (6) . Thus, the effective Hilbert space dimension of the subsystem A for the state |ψ is given by the density of states of H A at the energy (6), which is
In chaotic systems, one may expect that the eigenstate entanglement is maximal subject to such a constraint on the effective Hilbert space dimension. Thus, we obtain a volume law
with a coefficient depending on the subsystem size M . This is scaling of eigenstate entanglement to leading order, and we are not able to calculate subleading corrections. Example 1. For M = N/2, the ground-state entanglement scales as
In summary, we have argued that the entanglement entropy of an eigenstate with energy −N E has the same scaling as the entropy of a microcanonical ensemble, whose energy over the groundstate energy is −(M/N ) 3/2 E/E 0 . Therefore, (i) The eigenstate entanglement obeys a volume law with a maximal coefficient if the smaller subsystem is a vanishing fraction of the system size. This is because the corresponding microcanonical ensemble is at the mean energy density of the Hamiltonian.
(ii) For an eigenstate with nonzero energy density, the entanglement obeys a volume law with a non-maximal coefficient if the subsystem is a constant fraction of the system size.
Note added
Very recently, we became aware of a related work [21] , which also studied eigenstate entanglement in the SYK model 1 . For the case that the subsystems are half the system size, the authors calculated the ground-state entanglement using exact diagonalization up to the system size N = 44, and their numerical results are well fitted by the formula 0.3375M − 0.666, which is consistent with our analytical result Eq. (9) .
